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Abstract 

Here, by extending the definition of circle to Finsler geometry, we 
show that, every circle-preserving local diffeomorphism is conformal. 
This result implies that in Finsler geometry, the definition of con- 
circular change of metrics, a priori, does not require the conformal 
assumption. 
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Introduction. 

In Riemannian geometry Vogel proved that every circle-preserving diffeo- 
morphism is conformal, c.f. [A'o] and [Ku]. This theorem has been extended 
to pseudo-Riemannian manifolds in [Ca]. Here, we shall extend this theorem 
to Finsler manifolds. Using the Cartan covariant derivative along a curve, 
the definition of circles in a Finsler manifold is given. This definition is a 
natural extension of Riemannian one, see for instance, [NY]. Some typical 
examples of circles are helices on a cylinder or a torus. It should be remarked 
that these circles need not to be closed in general, although it may be closed 
in some cases as on a torus. 

A geodesic circle in a Riemannian geometry, as well as in Finsler geom- 
etry, is a curve for which the first Frenet curvature ki is constant and the 
second curvature ^2 vanishes. In the other words a geodesic circle is a tor- 
sion free constant curvature curve. A concircular transformation is defined 
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by [Ya] and [Fi] in Riemannian geometry to be a conformal transformation 
which preserves geodesic circles. 

This notion has been similarly developed in Finsler geometry by Agrawal 
and Izumi, cf. [Ag, Izl, Iz2] and studied in [AB, B] by one of the present 
authors. 

The results obtained in this paper shows that in the definition of concir- 
cular transformations, a priori, the conformal assumption is not necessary. 
That is to say, if a transformation preserves geodesic circles then it is con- 
formal. 



1 Preliminaries 

Let M be a real n-dimensional manifold of class C°°. We denote by TM — )■ 
M the bundle of tangent vectors and by vr : TMq — )■ M the fiber bundle 
of non-zero tangent vectors. A Finsler structure on M is a function F : 
TM —7- [0,00), with the following properties: (I) F is differentiable {C°°) on 
TMq\ (II) F is positively homogeneous of degree one in y, i.e. F{x,\y) = 
XF{x,y),\/X > 0, where we denote an element of TM by {x,y). (Ill) The 



Hessian matrix of is positive definite on TMq; {gij) :— ^2 [5^^%)" 
A Finsler manifold {M,g) is a pair of a differentiable manifold M and a 
tensor field g = (gij) on TM which defined by a Finsler structure F. The 
spray of a Finsler structure F is a vector field on TM 

d ■ d 

G = y'-^ - 2G*^, 
ax* ay* 



where 

4 l5x"*ay'^ 5xU' 

and (5*^) := (^i,)-^ 

Let (M, g^ be a Finsler manifold and let c be an oriented para- 
metric curve on M with equation x*(t). We choose the pair (x, x), to be the 
line element along the curve c. 

Let (x*,y*) be the local coordinates on the slit tangent bundle TM/0. 
Using a Finsler connection we can choose the natural basis (5/fe*, 9/9y*), 
where := ^ — Nj-^, and Nj := The dual basis is given by 

((ix*,(^y*), where 6y^ := dy'' + Nj'dxK 

Let X be a C°° vector field X = X*(t)^|c(t) along c{t). We denote 
the Cartan covariant derivative of X in direction of c = ^gfj by V-X = 
^S~^lc(t)- The components can be determined explicitly as follows. 
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The last term in Eq. (1) is given by ^ '■= where (c) : = 

{rjj^dx'^ + Clj^5y^){c), is the connection 1-form of Cartan connection, cf. 
[BCS], page 39. Here, the coefficients F*^ are ChristofFel symbols with re- 
spect to the horizontal partial derivative that is, 

and C^^ := ^fl'*'"^^, is the Cartan torsion tensor. Plugging 5y^ in ujj{c) 
coiic) = {rl,dx' + Ci,{dy' + Ntdx^){c), 

= (xii+ciNni^), 

and replacing the resulting term in Eq. (1), we obtain the components of 
Cartan covariant derivative of X in direction of c. 

5X- = ^ + (rU + CL«i)x^i^. (2) 

The Cartan covariant derivative Vc is metric-compatible along c, that is, for 
any vector fields X and Y along c, 

j^g{X, Y) = g{VtX, Y) + g{X, V,Y). 

More details about this preliminaries may be found in [Ak, BCS, Sh]. 



2 Circles in a Finsler manifold 

As a natural extension of circles in Riemannian geometry, cf. [NY] , we recall 
the definition of a generalized circle in a Finsler manifold, called here simply, 
circle. 

Definition 1. Let {M,g) be a Finsler manifold of class C°°. A smooth 
curve c : I C M ^ M parameterized by arc length s is called a circle if there 
exist a unitary vector field Y = Y(s) along c and a positive constant k such 
that 

Vc'X = kY, (3) 
Vc'Y = -kX, (4) 

where, X := c' = dc/ds is the unitary tangent vector field at each point c{s). 
The number 1/k is called the radius of the circle. 
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Comparing this definition of circle witli definition of a geodesic circle 
in Finsler geometry, recalled in the introduction, we find out that if in the 
definition of a geodesic circle we exclude the trivial case, ki = 0, that is, if 
we remove geodesies, then we obtain the definition of a circle in a Finsler 
manifold. 

Lemma 2. Let c = c{s) be a unit speed curve on an n- dimensional Finsler 
manifold {M,g). If c is a circle, then it satisfies the following ODE 

V,, V,,X + g{V,>X, V,,X)X = 0, (5) 

where, g{ , ) denotes scalar product determined by the tangent vector c' . 
Conversely, c satisfies (5), then it is either a geodesic or a circle. 

Proof. Assume that c is a circle parameterized by arc-length. By means of 
metric compatibility we have 

g{VeX,X) = ~[g{X,X)\=Q. 

Eqs. (3) and (4) yield 

Vc'Vc'X = kV^iY = -k^X. (6) 

This implies 

= -giVc'^c'X^X) = ^[g{V,,X,X)]+g{V,>X,Vc'X). 
as 

Plugging it into (6), we obtain (5). 

Conversely, assume that c = c(s) is a unit speed curve on M which 
satisfies Eq. (5). Then by metric compatibility property of Vc', we have 

^5(Ve'X, Ve'X) = 2g{V,,V,,X, V,,X). (7) 

Plugging Eq. (5) into this equation we have 

giVc'^c'X, Vc'X) = -g{V,,X, V,,X)g{X, V,,X). (8) 

Taking into account Eqs. (7) and (8) and the fact that g{X,'SJciX) = for 
unitary tangent vector field X, we have 

^5(Ve'X,V,.X) = 0. 

Therefore k"^ := giV c' X .,V c' X) is constant along c. If A; = 0, then c is a 
geodesic. If /c / 0, set 

Y = iVe'X, (9) 
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then y is a unit vector field which satisfies Eq. (3). The covariant derivative 
of Eq. (9) and using Eq. (5) yields to 

Vc/y = -Vc'Vc'X = -kX. 
k 

Thus we have Eqs. (3) and (4), hence c is a circle. This completes the 
proof. □ 



For a curve c = c{s) paramertized by arc-length s, c'(s) := ^(s) is the 
unit tangent vector along c. Let 

c"is) := Vc'c', c"{s) := Vc'V,>c', c'"(s) := V^'Vc'Vc'C. 

We can express (5) as follows 

c'" + g{c",c")c' = 0. (10) 

Equivalently, differential equation of a circle is given by 

c'" = -k^c', (11) 

where k = \/g{c", c") is the constant first Frenet curvature. Hence, c{s) is 
a circle if and only if c'" is a tangent vector field along c, or equivalently c'" 
is a scalar multiple of c' or c. 

If c = c{t) is parameterized by an arbitrary parameter t, we denote its 
successive covariant derivatives by c := c =: V tc and "c := VcVcC. We 
have the following successive relations between successive covariant deriva- 
tives. 



|c| c', (12) 
|c|2c" + ^Mc', (13) 



c = |c|3c'" + 35(c,c)c" + |(^) c'. (14) 

For an arbitrary parameter t we have the following lemma. 

Lemma 3. Let {M,g) be a Finsler manifold and c{t) a curve on M. Then 
c{t) is a circle with respect to the g, if and only if the vector field 

9[c,c) 

is a tangent vector field along c or equivalently a multiple of c or c' . 
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Proof. It follows from (13) and (14) that 



g{c,c) ldt\ \c\ ) gic.cyl^) 

Thus d" is parallel to d if and only if c — 3||?^yc is proportional to d □ 

Contrary to the Euclidean circle, the general notion of circle in Rieman- 
nian geometry as well as in Finsler geometry, called here, simply circle, is 
not required that a circle be a closed curve. Although it may happen in some 
cases as small circles or helicoid curves on the sphere. In general, similar 
to the Riemannian circles, they are spiral curves on the subordinate spaces, 
for instance, spiral curves on cylindrical surfaces, conical surfaces and so on. 
Moreover, their length are not required to be bounded as in closed circle in 
Euclidean spaces. 

3 Circle-preserving difFeomorphisms 

A local diffeomorphism of Finsler manifolds is said to be circle-preserving, if 
it maps circles into circles. More precisely let M be a differentiable manifold, 
g a Finsler metric on M, c(s) a C°° arc length parameterized curve in a 
neighborhood U C M and 5/ds the Cartan covariant derivative along c, 
compatible with g. 

Let (j) : M — > M be a local diffeomorphism on M, then it induces a 
second Finsler metric g and a Cartan covariant derivative 6/ds along c on 
(M, g) on some neighborhood U of M. Here, we denote the induced Finsler 
manifold by {M,g), in the sequel. We say that the local diffeomorphism 
(p : {M, g) — > (M, g) preserves circles, if it maps circles to circles. 

Let c(s) be a circle and c(s) its image by (p, where s = s{s). Then using 
definite positiveness of g and g and the related fundamental forms 

ds"^ = gij{x,x')dx'^dx^ and ds"^ = gij{x,x')dx'^dx^ , (15) 

respectively, we can establish a relation between s and s and their deriva- 
fives. We have ^ = where 

g = y^,.(x,xO^^/0, | = yM-,-0^^/O. (16) 

If we have ds = e'^ds, or equivalently by means of Eq. (15), if 5 = e^'^g or 
F = e" F, where o" is a scalar function on M, then two Finsler structures F 
and F are said to be conformal. 
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4 Circles in a Minkowski space 

Let {V, F) be a Minkowski space where V is a vector space and -F is a 
Minkowski norm on V. In a standard coordinate system in V, 



G' = 0, N] = 0. (17) 



Then for a vector field X = X^{t)-^\(.u\ along a curve c(i), the Cartan 



covariant derivative VtX = ^s~^lc(t) given by Eq. (2) reduces to 

dt dt ^'^ dt ^ ' 

In particular, for X = d , we have 

5X' _ i (h^d3^ _ (iV : 

where we have used T^-fc^^ = l]k^^ = which 7*^ are the 

formal Christoffel symbols. Thus Eq. (17) yeilds 

5X^ d^x' 



ds ds^ 

Therefore in a Minkowski space, a curve c(s) with arc-length parameter 
s is a circle if and only if 

d^x* , 9 dx^ , , 



where is a constant. In this case ghk^^^^§^ = and k = y ghk^^^^§^- 
Now let us take a look at circles in a special Minkowski space {lR'^,Fi,), 
where 

Ffe := \/v?+v^ + 

where 6 is a positive constant with < 6 < 1. {]R^,Fb) is called a Randers 
plane. Consider a curve c{s) = {x{s),y{s)) in iR^ with unit speed, namely, 
c'{s) = (x'(s), y'(s)) is a unit vector. Thus 

v/a;'(s)2 + y'(s)2 + 6x'(s) = 1. 

We can let 

, cos9(s) — b , sin^(s) 

^ («) = — — — ' y (^) ~ 



1-62 ' ^v-^/ VT^' 

where 0{s) is a smooth function. Since b is bounded, components of c'{s) 
are well defined and one can find out explicitly equation of c(s), the unit 
circle in the Randers plane {lR^,Fi,). 



7 



5 Vogel Theorem in Finsler geometry 



Let (j) : {M,g) — > {M,g) be a diffeomorphism. We say that (p preserves 
circles, if it maps circles to circles. More precisely, if c{s) is a circle in (M, g), 
where s is the arc-length of c with respect to g, then c(s) := cpo c(s(s)) is a 
circle in {M,g), where s = s{s) is the arc-length of (po c with respect to g. 

We recall the following lemma from linear algebra which will be used in 
the sequel. 

Lemma 4. Let F and G he the two bilinear symmetric forms on M^, sat- 
isfying 

• F and G are definite positive. 

• F and G are defined on SV^ x W — > M, such that F{X, Y) = 0, 
yX, Y with 

G{X, X) / 0, G{Y, Y) / 0, and G{X, Y) = 0, (20) 

then there is a positive real number a such that F = aG. 

Proof. Let {cj}, be an orthonormal basis on JR" such that G{ei,ej) = 6ij 
where i,j = l,...,n. Eq.(20) with definite positiveness of F and G imply 
that there is a positive real number Oj such that F{ei, ej) = otidij, and hence 

F{ei,ej) = aiG{ei,ej). (21) 

Let a,b € IR — {0} with b'^ , then for i j we have 

G{aei + bcj, aci + bej) = + 6^ / 0, 
G{bei — acj, bci — aej) = 6^ + 7^ 0, 
G{aei + bcj, bci — acj) = 0. 

This equation together with Eqs.(20) and (21) for i ^ j imply 

= F{aei + bej,bei — aej) = ab{aiG{ei, Ci) — ajG{ej,ej)) 

and hence = ab{ai — Oij). Therefore we obtain ai = aj = a, and F = aG, 
which completes the proof. □ 

Next we prove the following theorem. 

Theorem 1. Every circle-preserving local diffeomorphism of a Finsler man- 
ifold is conformal. 
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Proof. Without loss of generality we can consider two Finsler metrics g and 
g on the same manifold. Fix a point p & M. For arbitrary two unit vectors 
X,Y € TpM such that Y is orthogonal to X with respect to g = g^, let 
C = {ck\k G Ft} be a family of circles with the constant curvature k passing 
through a fixed point Cj. (0) = p on (M, such that 

dc 

— (0)=X, and Vc'X(0) = A:y. (22) 
as 

We are going to show that g{X,Y) = 0, where g := g^. 

Since c is assumed to be a circle with respect to the Finsler metric g, Eq. 
(11) yields, c'" is a multiple of c' . By Lemma 3, c is a circle with respect to 
g if and only if c" and c are parallel to c or c'. 

On the other hand, by virtue of Eq. (13), c is parallel to c, if and only 
if c" so does. 

By means of Eq. (14), we can see that c is parallel to c if and only 
if c so does. Denote the second term in right-hand side of Eq. (14), by 
W := 'ig{c, c)c" . Therefore, c is a circle with respect to g if and only if W is 
parallel io c' = X at the point p = c(0). At p, by involving Eqs. (12) and 
(22) we have c = c'5(c, c)^/^ = X^(c, c)^/^, where g{c,c) 7^ is constant by 
means of Eq. (16). Hence, Eq. (22) yields c = V^c = £{gic,c)^^'^X)^ and 
c = kYg{c, c). Therefore we obtain 

W = 3g{c,cf/^g{X,Y)Y k\ 

Hence, c is a circle with respect to g if and only if the vector field W is 
parallel to X or equivalently, g{X, Y)Y is parallel to X for every X € TpM 
and every Y € TpM orthonormal to X. This implies g{X, Y) = Q whenever 
g{X, y) = and by Lemma 4, there is a positive scalar where g = a^g. 
Hence, the Finsler metrics g{x,x') and g{x,x') are conformally related. □ 

A geodesic circle is a curve for which the first Frenet curvature ki is 
constant and the second curvature k2 vanishes. In the other words a geodesic 
circle is a torsion free constant curvature curve. In Riemannian geometry 
as well as in Finsler geometry, a concircular transformation is defined to be 
a conformal transformation which preserves geodesic circles. 

By replacing the positive scalar a in proof of the theorem 1 by a = e*^, 
we get g = e^" g, or equivalently ds = e'^ds where cr is a scalar function on 
M. Therefore, corollary of Theorem 1 we have 

Theorem 2. Every local diffeomorphism of a Finsler manifold which pre- 
serve geodesic circles is conformal. 

This result shows that in the definition of concircular transformations 
the conformal assumption is not necessary. 
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